A vast wealth of literature exists on the topic of rocket trajectory optimisation, particularly in the area of interplanetary trajectories due to its relevance today. Studies on optimising interstellar and intergalactic trajectories are usually performed in flat spacetime using an analytical approach, with very little focus on optimising interstellar trajectories in a general relativistic framework. This paper examines the use of low-acceleration rockets to reach galactic destinations in the least possible time, with a genetic algorithm being employed for the optimisation process. The fuel required for each journey was calculated for various types of propulsion systems to determine the viability of low-acceleration rockets to colonise the Milky Way. The results showed that to limit the amount of fuel carried on board, an antimatter propulsion system would likely be the minimum technological requirement to reach star systems tens of thousands of light years away. However, using a low-acceleration rocket would require several hundreds of thousands of years to reach these star systems, with minimal time dilation effects since maximum velocities only reached about 0.2c. Such transit times are clearly impractical, and thus, any kind of colonisation using low acceleration rockets would be difficult. High accelerations, on the order ✩ Corresponding author.
of 1 g, are likely required to complete interstellar journeys within a reasonable time frame, though they may require prohibitively large amounts of fuel. So for now, it appears that humanity's ultimate goal of a galactic empire may only be possible at significantly higher accelerations, though the propulsion technology requirement for a journey that uses realistic amounts of fuel remains to be determined.
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Introduction
A wealth of literature exists on optimising space trajectories, in particular interplanetary trajectories due to its application in the near-future. A majority of the research focuses on optimising trajectories for a specific propulsion system, rather than for a general propulsion system that utilises the rocket equation.
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Solar sails appear to be the favourite propulsion candidate for trajectory optimisation due to the fact that there is no fuel consumption, hence considerably simplifying the analysis: [1] used basic calculus to optimise the solar system exit speed for a spacecraft using a solar sail; [2] optimised interplanetary solar sail trajectories with respect to the flight time using particle swarm optimisation; The discovery that time is relative has raised many interesting discussions, and has produced a plethora of literature on its effect on interstellar travel.
Within the scientific community, many authors have examined the effects of time dilation whilst travelling interstellar and intergalactic distances, though all but a few of the calculations were performed in flat spacetime. [7] , [8] , and 25 [9] considered the effect of an expanding universe when traversing intergalactic distances, and showed that a constant acceleration is necessary if one wishes to reach nearby galaxies within human lifetimes (though this is sensitive to the cosmological parameters used). In the currently favoured cosmological concordance model, a rocketeer accelerating at a constant rate of g = 9.81 m s −2 is 30 able to reach 99% of the way to the edge of the universe well within a human lifetime [9] , though upon return, many billions of years would have passed for those living on Earth.
Optimising an interstellar trajectory is an extremely complex and difficult task, and producing the correct solution may not always be possible. Almost
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all attempts consider either a Newtonian or special relativistic approach, as a general relativistic approach compounds the difficulty of the task. [10] derived the optimality conditions for rocket trajectories in general relativity, though it was done from an analytical approach and did not consider any specific trajectories. To date, very little research has been performed on optimising interstellar 40 trajectories in a general relativistic framework.
Theory

General Theory of Relativity
The assumption of the constancy of the speed of light c means that space and time could be unified into a single coordinate system where the position of 45 a particle is x α = (t, x, y, z). In the curved spacetimes of general relativity, a rocketeer will experience kinematic and gravitational time dilation. The proper time τ they experience is dependent on their velocity magnitude as well as the local spacetime geometry, described by a metric tensor g αβ .
The equations of motion of a traveller in curved spacetime in Einstein summation convention is given by
where a α = (a t , a x , a y , a z ) is the four-acceleration (the relativistic analogue of three-acceleration), and the Christoffel symbols Γ α βγ describes the local spacetime geometry [11] ,
The parameters of a particle are related through two normalisation conditions:
where u α = (u t , u x , u y , u z ) is the four-velocity (the relativistic analogue of New-50 tonian three-velocity).
Milky Way Mass Model
To model the effect of spacetime curvature due to the mass of the Milky Way, the static weak field metric will be used, which describes the spacetime geometry in a weak, time-independent, gravitational field, such as that of the Milky Way [12] . The static weak field depends on the Newtonian gravitational potential Φ, and is described by the metric
The gravitational potential due to the Milky Way galaxy is made up from the gravitational effects of the bulge, disk, and dark matter halo. The MiyamotoNagai disk, Hernquist bulge, and Navarro-Frenk-White potential models are 55 used to model the gravitational influence of the galactic disk, bulge, and halo, respectively.
The potential of the Miyamoto-Nagai disk [13] is given by
where M d = 10 × 10 10 M ⊙ is the mass of the disk, r d = 6.5 kpc is the scale length of the disk, and b d = 0.26 kpc is the scale height of the disk [14] .
The potential of the Hernquist Bulge [15] is given by
where M b = 3.4 × 10 10 M ⊙ is the mass of the bulge and r b = 0.7 kpc is the scale 60 length of the bulge.
The potential of the Navarro-Frenk-White Halo [16] is given by
where M h is the mass of the halo and r h is the scale length of the halo. The mass and scale lengths are calculated from the virial mass M v of the halo, which is the enclosed halo mass at the virial radius R v . The exact size of a galaxy is difficult to quantify as the halo mass density extends out continuously into intergalactic space, and the virial radius can be thought of as the radius beyond which the halo blends into the background matter in the universe. For the Milky Way, the virial mass is roughly M v = 150 × 10 10 M ⊙ [17] . The virial radius is calculated from the virial mass using [18] 
where H 0 = 70.4 × 10 −3 km s −1 Mpc −1 is the Hubble constant, Ω m = 0.3, and ∆ th = 340 is the Hubble constant, matter density of the universe, and over-density of dark matter compared to the average matter density, respectively [19] .
The mass and scale lengths of the dark matter halo are related to the virial mass and virial radius via the dark matter halo concentration, which is described by the halo concentration parameter c h , approximated by [20] c h ≃ 9.6 M v 10 13 M ⊙ −0.13
where z is the redshift, which is zero for host dark matter halos. The mass [21] and scale length [22] of the halo are then given by
The gravitational potential of the Milky Way is then the sum of each of the individual components.
Relativistic Rocket
For a relativistic rocket, the proper acceleration a (i.e. the acceleration as experienced by the traveller) is related to the rate of change of mass of the
where v e is the effective exhaust velocity of the propellants. If the rocket expends all its fuel after a proper time of τ f , then it is straightforward to show that
where m r is the final mass of the rocket. If the mass of the fuel is m f , then m 0 = m f + m r , and hence
where β is the fuel-to-empty rocket mass ratio. Smaller values of v e will result in a larger value of β, and hence more fuel will be required as expected.
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To compute the rocket trajectories around the Milky Way, we need to prescribe an acceleration four-vector for Equation (1) . Given the magnitude of the proper acceleration, a, we determine the components of the four-acceleration by setting the thrust vector. We let the spatial components of the four-acceleration
where a x , a y , and a z are the components of a unit vector, so that
and
The values of a t and a s are determined via the normalisation conditions from Equations (3) and (4), leading to
where
and the metric terms are
Genetic Algorithms
When approaching an optimisation problem, many types of optimisation methods can be employed, each offering unique advantages as well as disadvan- 2. The fitness of each member of the species is evaluated, with the fittest member of the species is passed onto the next generation (elitism).
3. The rest of the population is created by selecting the fittest members of the first generation (selection) using a linear probability distribution, with 95 breeding also occurring between the fittest members (crossover).
4. A mutation is randomly introduced into certain members to create genetic diversity.
5. Steps 2 to 5 are repeated for each subsequent generation. 
Method
Boundary Conditions
The Sun orbits the galactic core of the Milky Way at a distance r 0 of roughly 8.5 kpc, velocity v 0 of about 220 km s −1 [28] , and an orbital period of roughly 220 Myr [29] . The Sun's orbit is roughly elliptical, and oscillates up and down relative to the galactic plane [30] . We will assume that the Sun lies and stays
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within the galactic plane.
The initial coordinates of the Sun are set at
and the initial four-velocity is
where u t is determined from Equation (3) to be
A rocket arriving at a galactic destination (x f , y f , z f ) must also have the correct orbital velocity of the star system. Galactic rotation curves show that the orbital velocity as a function of radial distance is roughly constant outside the galactic bulge [31] . For the Milky Way, the orbital velocity remains roughly constant around 220 km s −1 outside a radius of about 3 kpc. Thus, the rocket must arrive at its final destination with a final speed v f of 220 km s −1 , with four-velocity components
where the final inclination angle θ f and azimuthal angle φ f are given by
The equations of motion are integrated using Matlab's ode45 solver, which is a non-stiff solver that utilises an explicit fifth-order Runge-Kutta method.
The Christoffel symbols were calculated from an m-file developed by [32] , which is available on the MathWorks File Exchange website. The code was 110 analysed before being extensively tested on some common spacetime metrics, and successfully reproduced their corresponding Christoffel symbols.
Implementing the Genetic Algorithm
The equations of motion require four input variables from the rocket: the magnitude a of the four-acceleration, and the three components of the unit thrust vector. To reduce the number of variables that need to be solved, the unit thrust vector of the rocket is parameterised in spherical coordinates using the inclination θ and azimuthal φ angles, where 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, and
The three variables, a, θ, and φ need to vary throughout the journey as a function of the proper time τ . A spline is fitted through 2 splines points of 115 each variable at τ = 0 and the final integration time τ end . There is a total of 6 variables that need to be optimised by the genetic algorithm.
In the optimisation process, minimum and maximum bounds are specified for each variable x i , denoted by x i,min and x i,max , respectively. Each variable is represented as a binary string X i of length ℓ, and hence each solution string is of length nℓ. Note that the maximum decimal value of the binary string is 2 ℓ − 1. The initial sample of solutions is then obtained by randomly generating random integers between 0 and 2 ℓ − 1, and the binary strings are then mapped to a particular value of each variable using:
Parameters of the Genetic Algorithm
The fitness function used to quantify each solution is
where k v and k τ are the velocity and proper time weighting factors, respectively.
The fitness for each solution sample is calculated at each point along the tra-120 jectory, and the minimum fitness along that path is taken to be the fitness for that solution.
The bounds for a, θ, and φ are set to be
where a negative acceleration is equivalent to an acceleration in the opposite direction. The acceleration magnitudes are sufficiently small enouugh to be classified as a low-acceleration rocket.
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The parameters of the genetic algorithm are shown in Proper time weighting factor 10 −2 
Rocket Parameters
The rocket mass and exhaust velocity has a significant role when it comes to choosing the type of propulsion system used for an interstellar journey. The values used will be based on expected technologies available in the future. When travelling to distant star systems, interstellar journeys are likely to require a 130 multi-generational spacecraft. The empty mass of the interstellar spacecraft used for the trajectory calculation is set to 1000 tons to account for a multigenerational journey. It should be noted that the actual empty mass of the spacecraft is not really important; rather, we are more concerned with the fuelto-empty rocket mass ratio β. When calculating this ratio, three sources of 135 propulsion will be considered:
• Fusion rocket: Fusion rockets utilise the process of nuclear fusion to propel the spacecraft forward. The high-velocity charged particle exhaust can be reflected from the fusion reaction using electromagnetic fields, resulting in effective exhaust velocities on the order of 10,000 km s −1 [33] . The fusion 140 rocket here has an effective exhaust velocity of 10,000 km s −1 .
• Antimatter rocket: Proton-antiproton annihilation is extremely efficient, and can convert more than 50% of the fuel mass to usable exhaust kinetic energy. [34] showed that an effective exhaust velocity of up to 0.58c can be achieved by using an electromagnetic field to collimate the charged 145 pion products into an exhaust jet. For the antimatter drive used here, an effective exhaust velocity of 0.5c is used for the reaction products of the proton-antiproton reaction.
• Photon rocket: A photon rocket is an ideal rocket that generates thrust by emitting photons generated through electron-positron annihilation 1 , and 150 thus has an exhaust velocity equal to the speed of light [35] .
Galactic Destinations
Various final destinations around the Milky Way are considered:
A. Star systems located within the galactic plane.
B. Hypervelocity stars in the galactic plane.
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C. Star systems in the galactic halo.
1 While photon rockets are a type of antimatter rocket, we will use the term "antimatter rocket" to refer to proton-antiproton annihilation, and "photon rocket" to refer to electronpositron annihilation. of the target destination. Note that star systems further away from the galactic center will take longer to complete their orbit, and hence their distance from the Sun could change appreciably with time. We have assumed that upon arrival, 165 the location of each star system remains unchanged relative to the Sun. This assumption is reasonable as long as the time taken to reach the destination is significantly shorter than the period of the orbit. An integration period of 1 Myr is used in the calculations, which is a relatively short time span in galactic orbits (recall that the period of the Sun is about 220 Myr).
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We will assume that star systems in the galactic disk lie within the galactic plane, which is a reasonable assumption since the average width of the disk is about 1% of the diameter of the disk. Thus, we can further simplify the analysis by setting θ = π/2 throughout the calculation, so that there are only 4 variables that need to be optimised for. To ensure that the inclination angle 175 remains unchanged, the lower and upper bounds are set to π/2.
Results
For each scenario, the genetic algorithm is run 20 times, and the solution with the lowest final fitness is presented. The final position deviation, final three velocity deviation, proper time taken, maximum velocity reached, and 180 fuel-to-empty rocket mass ratios for each propulsion system, are shown in Table   2 .
Destination A1
The first star system is located within the galactic plane at (−10, 3, 0), about 15 kpc from the Sun. The results are shown in Fig. 1 
Destination A2
The second star system is located within the galactic plane at (8, −2, 0), about 10 kpc from the Sun. The results are shown in Fig. 3 to 5.
Destination B1
Hypervelocity stars (HVS) are stars with abnormally large velocities that exceeding 1000 km s −1 [36] . These stars are believed to originate from the core of galaxies, where supermassive blackholes are thought to exist [37] . Reaching a hypervelocity star is of interest if one wishes to leave the galaxy, as orbiting around these stars provides a means of collecting energy during the journey. For a star on a radial trajectory, the velocity components are
where the final angular coordinates are given by Equation (30) and (31).
x (kpc) 
Destination B2
The second HVS is located at (12, −1, 0), about 14 kpc from the Sun, and with a velocity magnitude of 2000 km s −1 . The results are shown in Fig. 6 and   195 
7.
Destination C1
The next star system chosen will lie in the galactic halo to determine if the genetic algorithm can solve for the extra angular variable θ. The star system chosen is located at (−9, 1, 4), about 14 kpc from the Sun. The results are shown in Fig. 11 to 12. x (kpc) 
Destination C2
The final star system in the galactic halo is located at (8, −2, 3), about 11 kpc from the Sun. The results are shown in Fig. 14 to 15 .
Discussion
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A summary of the results is shown in Table 2 . For destinations within the galactic plane, the genetic algorithm is able to calculate optimal trajectories that arrive within 0.25 kpc and 35 km s −1 of the desired star system. However, The linear acceleration profile also leads to a parabolic velocity profile, which in turn leads to the consistent mass function curves as seen above.
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The use of the various propulsion systems clearly has a significant impact on the fuel-to-empty mass ratio β. Upon inspection of each of the trajectories, it is evident that the gravitational potential has minimal effect on the trajectory of a low-acceleration rocket.
x (kpc) In each case, the maximum velocity reached is between 0.1c and 0.2c. While these speeds may appear large, they are still non-relativistic, with corresponding Lorentz factors of 1.005 and 1.021 respectively. At these speeds, roughly 350-400 kyr was required to reach most of the destinations (with the exceptions being Locations B2 and C2). Clearly, this is not very practical for manned 240 interstellar travel. To achieve more practical solutions, the maximum allowable acceleration magnitude would need to be increased. However, doing so raises many issues that would need to be addressed, and these are discussed in the final chapter. number of generations would need to be increased.
For the mass calculations, three types of propulsive systems were considered: the fusion drive, antimatter drive, and the photon drive. The fuel-to-255 empty rocket mass ratio for each of these were calculated, and it was concluded that for a linear acceleration profile, the antimatter drive would represent the minimum technological requirement when undertaking an interstellar journey.
The calculated values are conservative since low accelerations generally require low fuel consumption. However, low accelerations also require longer travel 260 times; for each interstellar destination, low-acceleration rockets required several hundreds of thousands of years to reach their destination. Clearly, galactic colonisation is highly unrealistic using low-acceleration rockets.
Evidently, human expansion into the cosmos is extremely unlikely unless high acceleration rockets were used. However, higher accelerations often require x (kpc) anti-matter drives and photon drives are still viable candidates for these high acceleration journeys. Even if they were, the human race does not currently possess the technological capacity to manufacture antimatter on an industrial 270 scale, and will unlikely attain the ability to do so for many more decades if not centuries to come. Consequently, the idea of using antimatter as a source of fuel, and hence the possibility of interstellar travel, will remain a scientific dream for the foreseeable future. If it is found that prohibitively large amounts of antimatter fuel are required, then mankind will probably need to turn to unconventional
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propulsion technologies, such as warp drives, for galactic colonisation. 
